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though the origin of the 2-D Fourier transform of the
object at that angle corresponding to the projection”
Introduction
[1].
CT images are acquired by taking a series of X-ray line
The most straight forward method for reconstruction,
projections around the subject at various angles. This
the Fourier Method, derives directly from the projection
data can be used to reconstruct a slice of the subject by
slice theorem. The projections from a CT scanner can
compiling the images taken at the different angles of
be taken advantage of by analyzing their Fourier
the rotation. This project explores two algorithms for
transform. When these projections are mapped into
image reconstruction from these slices.
the Fourier domain, it is possible to express them in
polar coordinates by a change of variables. The angle at
which the projections were taken, indicate their
orientation in the frequency domain. By overlaying the
various projections in a ‘bicycle hub’ manner as shown
in Figure 2, most of the frequency components of the
image can be reconstructed. There tend to be gaps
between the lines in the higher frequencies, and a
higher concentration at the lower frequencies. This
requires a weighting of these values more heavily on
the higher frequencies and an attenuation of the lower.
Given , the distance from the center of Fourier space,
each pixel is weighted by

. This is used

because the radius of a circle at that distance is the
desired strength over all projections.

Figure 1: Parallel beam projections are taken by rotating a parallel
X-Ray source around a subject and capturing attenuation
coefficients

There are several ways of doing reconstruction from
projected data. These are all based on the Projection
Slice Theorem. This theorem essentially states that the
1-D Fourier transform of a projection is a slice of the 2-D
Fourier transform of the object. In other words “the 1-D
Fourier transform of the projection equals a line passing

Figure 2: "Bicycle Hub" of slices in Fourier space [2]

The difficulty of the Fourier method lies in the fact that
in order to get a complete picture of the 2D Fourier
transform, the entire space must be filled with data.
This requires that there be interpolation done between
the samples and this combined with the difficulty of
mapping polar projections onto a cartesian grid make
this method infeasable in application.

Figure 3 shows pseudo code for the algorithm. In this
convolution backprojection implementation we simply
smeared the filtered projection across a square image.
The smeared image was then rotated by the projection
angle using the MATLAB function “imrotate”, using linear
interpolation. The rotation angle for the ith projection

The most common reconstruction method used in
modern CT, and the one implemented in this study, is
the convolution back projection.

number of projections used. This process was applied to
each projection and the results were summed to create
the final product, which is shown below.

was determined using the formula

, where k is the

Approach
The approach taken in this study was to implement
convolution back projection algorithms for both parallel
beam and fan beam CT systems. The algorithms for
each system were implemented in MATLAB. Each
algorithm was analyzed for computational intensity
using big O theory. The runtimes for each algorithm
were also calculated and compared and the quality of
the resulting image, SNR and local contrast, were
computed and compared.

Parallel Beam
Algorithm
Our first implementation is of the data taken by a
parallel beam scanner. Sample data was obtained from
Prof. Joergen Arendt Jensen of the Technical University
of Denmark, provided by Prof. Bangerter. The sample
data was made up of 200 projections with 512 pixels
each for the fan beam reconstruction. The first step
was to apply a high-pass filter by convolution, to cut out
any frequencies above our Nyquist sampling rate and
amplifying high frequencies.

Figure 4: Progression of reconstruction algorithm. Initial sinogram,
filter, filtered sinogram, single angle backprojection

Results
The reconstruction gives a beautiful image of the torso.
The computational intensity of the algorithm is O(n) for
the algorithm as it is written, however, the actual
complexity is 0(n3) because the order of “imrotate” is
O(n2). The SNR for the reconstructed image is 15.83
and the contrast is 0.9386. The runtime for the
algorithm on an AMD Phenom 9550 Quad-Core 2.21
GHz 4GB Ram machine was 104.57 seconds (1.75 min).

read input CT data
create filter
for each projection
{
filter projection to accentuate high frequencies
parallel backproject line and rotate
}
sum rotated images to create full reconstruction

Figure 3: Algorithm for parallel beam reconstruction
Figure 5: Fully Reconstructed image from parallel beam CT

Fan Beam
Algorithm
Fan beam implementation required a more
sophisticated approach. The rays coming from the
source strike the center of the detector before they
strike the outer edges. These rays are attenuated
slightly more by the greater distance traveled according
to the inverse square law (

).

Therefore, the

projection needs to be weighted prior to the initial
filtering. Figure 6 shows the beam geometry and the
difference in distance from the source for different
beams in the fan.

Read input CT Data
Create filter
for each projection
{
for each pixel{
weight pixel by cos(beam angle)
}
filter projection to keep high frequencies
for each pixel{
weight pixel by cos2(beam angle)
}
backproject line along fan beam (O(n2))
rotate
}
sum rotated images to create full reconstruction
Figure 7: Algorithm for fan beam backprojection and
reconstruction

Results
Figure 8 shows the sample data for the fan beam used
in the parallel beam reconstruction algorithm. It is easy
to see that fan beam compensation is necessary to
obtain an image without artifacts. Figure 9 shows the
correct reconstruction using the fan beam algorithm.

Figure 6: Fan beam geometry. The distance from detector to
source is different for each X-Ray beam

The data for this set was taken from a fan beam CT
scanner with 984 projections and 888 pixels in each
projection. We weighted the projections by
where
is the angle of the nth beam in the fan. The
same frequency filtering was applied as in the parallel
beam case. The most difficult part of the algorithm is
the backprojection of lines along the fan beam. Instead
of simply smearing the pixels horizontally across their
rows, it is necessary to determine the pixels that will
smear the image towards a point source. This requires
a pixel by pixel calculation for the backprojection image
where each pixel maps to a pixel in the original line
according to the fan beam geometry. Figure 7 shows
pseudo code for the algorithm implementation.

Figure 8: Naive attempt using parallel beam backprojection for fan
beam data

fairly insignificant. The parallel beam produced a better
SNR as well as better local contrast which is to be
expected because it is closer to the theoretical
operation of backprojection. Because the fan beam data
is close to real-world data it is expected that a lower
SNR will results from reconstruction.

Figure 9: The correct attempt using fan beam geometry algorithm

For the fan beam projection algorithm the
computational intensity is O(n3). The calculated SNR
was 5.33 and the local contrast is 0.8125. The runtime
for this reconstruction is significantly higher than the
parallel beam reconstruction at 1398.66 sec (23.3 min).
Although the algorithms for parallel and fan beam
geometries are the same complexity, the runtimes vary
because of the number of computations required. The
backprojection along the fan beam, while only an order
O(n3) process takes significant time. The runtime
difference is also due to the difference in data inputs.
The results for each of the runs are summarized in
Figure 10.
Parallel Beam

Fan Beam

# Angles

200

984

# samples per angle

512

888

Algorithm complexity

O(n3)

O(n3)

Runtime

104.57 s

1398.665 s

SNR

15.83

5.33

Local Contrast

0.9386

.08125

Figure 10: Summary of results

Conclusion and Future Work
The two algorithms reviewed in this study have the
same computational intensity but vary in the runtimes
primarily because of data set size. While there is
computation required to project along fan beams this is

Future work in these algorithms could include
implementing the “imrotate” function manually to
increase efficiency. Also the size of the data set could
be decreased for fan beam projections by correctly
windowing data before computation. Optimizations will
also come from parallelizing the computation in the
backprojection using MATLAB “parfor”.
Further
speedups can be gained by implementing the algorithm
in FPGA hardware or on a GPU with CUDA coding.

Appendix: Work Division




Jacob
o Initial algorithm exploration
o Theoretical research
o Results analysis, SNR, contrast
Adam
o Algorithm final coding
o Analysis for complexity and runtime
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